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Abstract. We decompose the full and reduced C*-algebras of an extension 
of a groupoid by the circle into a direct sum of twisted groupoid C*-algebras. 



1. Introduction 

Let iJ be a compact group and denote by H the collection of equivalence classes 
of the irreducible unitary representations of H . The Peter- Weyl Theorem implies 
first, that every irreducible unitary representation of H is finite-dimensional, and, 
second, that the left- regular representation A of on L^{H) is unitarily equivalent 
to the direct sum ©[j/jg/f^t/ • U , where djj is the dimension of U . The C*-algebra 
C*{H) of H is universal for the unitary representations of H , which means roughly 
that the unitary representations U of H are in one-to-one correspondence with the 
nondegenerate representations ttjj of C*{H) on the Hilbert space of U. Since H 
is compact, the left-regular representation tta is an isomorphism, and the reduced 
C*-algebra C;{H) := ttx{C*{H)) coincides with C*{H). So in the C*-setting, the 
Peter- Weyl theorem says that C*{H) = C*{H) is a direct sum ©j^jj^j:^M^([/) (C) of 
matrix algebras. 

A similar result holds for extensions of locally compact groups H by the circle 
T. Let u! : H X H ^ T he a continuous 2-cocycle. We associate two C*-algebras 
to the pair {H,uj). The first is the twisted group C*-algebra C*{H,uj) which is 
universal for the ^-representations of H. For the second, equip H'^ :=T x H with 
the product topology and multiplication {s,r]){t,'-f) — {stuj{r],j),ri'-f); then iJ" is 
a locally compact group and has a C*-algebra. It follows from j20], for example, 
that C*(i/") is isomorphic to the direct sum ©„gzC*(i/, w") of twisted group C*- 
algebras (see also [Mj Corollary 3]). In this paper we generalize this latter result 
to locally compact Hausdorff groupoids. 

Let G be a locally compact Hausdorff groupoid and w : C'^-* — > T a continuous 
2-cocycle on the set G*-^' of composable pairs in G. We show that the C*-algebra 
of the extension is isomorphic to the direct sum ©„gzG*(G,a;") of twisted 
groupoid G*-algebras, and that this isomorphism factors through to the reduced 
G*-algebras (see Theorems 13.21 and 14. ip . The full twisted groupoid G*-algebras 
have been used in [T3], [TU] and [1] to characterize when groupoid G* -algebras 
have continuous trace or bounded trace, and their non-selfadjoint subalgebras have 
been studied in [11]. The reduced twisted groupoid G*-algebras appear as the 
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C*-algebras with diagonal subalgebras in [9j and as the C*-algebras with Cartan 
subalgebras in [18]. For example, if ^ is a C*-algebra with diagonal subalgebra 
B then Kumjian's Theorem 3.1 of [S] implies that there exists a principal etale 
groupoid G and an extension of G by T implemented by a (possibly Borel) cocycle 
w such that A is isomorphic to C*(G',ZU), and the isomorphism maps the diagonal 
B to a diagonal in C*{G,uJ). A similar result holds for Cartan subalgebras, except 
there the groupoid G may be only topologically principal [THl §5]. 

The main theorems of this paper provide a general framework for investigating 
twisted groupoid C*-algebras using the literature on the non-twisted case. For 
example, suppose that G is principal. Then we deduce in Proposition 13.91 that 
C*{G) has continuous trace if and only if C*(G"^) has continuous trace, and if 
C*{G) has continuous trace then so does C*{G,uj). See Proposition 13. 101 for more 
results along these lines. We also deduce in Corollary 14.31 that if a groupoid G is 
amenable then C*(G,lu) and C*.{G,uj) are isomorphic. 

2. Preliminaries 

Throughout, G is a second-countable, locally compact, Hausdorff groupoid with 
Haar sytstem {A^j^ggco) . We denote by A„ the image of A" under inversion. We 
write G^^^ for the unit space of G, r = re, s = sg '■ G — >■ G'°^ for the range and 
source maps ^0(7) = 77^^ and sg(7) = respectively, and G^^^ := {(7,??) : 

^0(7) = i^civ)} foi' the set of composable pairs. 

2.1. Groupoid extensions. Let uj : G'^^^ ^ T be a continuous 2-cocycle, so that 
w satisfies the cocycle identity 

w(7, 77)^(777, = w(?7, 0^(7, VO- 

We will assume throughout that uj is normalized in the sense that 

'^('"g(7),7) = 1 = ^(7,sg(7)) and 7 G G; 

since every 2-cocycle is cohomologous to a normalized oncQ and because the as- 
sociated G*-algebras depend only on the class of the 2-cocycle (see [Ml Propo- 
sition II. 1.2]), there is no loss of generality. Following [16l page 73] we denote 
by G" the extension of G by T defined by uj: thus G" is the groupoid T x G 
with the product topology, with range and source maps rQ^{t,^) — (1,7-0(7)) 
and SQ^{t,^) = (1,3,3(7)), multiplication {s,r]){t,j) = {stuj(r],j),rjj) and inverse 
(t,7)"i = (t"ia;(7,7~^)~\7^^). We identify the unit space of G'^ with G^") via 
(l,u) u. We say that G'^ is the groupoid extension associated to {G,u)). When 
we want to emphasize the product nature of G"^ we will denote it by T x^^ G. 
In order to reconcile our work with the literature, suppose that 

(2.1) G(°' ^ T X G(°) a S 4 G := E/T G^°^ 

is an extention of topological groupoids such that i induces a free action of T on E 
by t • 7 = z(t, r£;(7))7 for 7 G and t G T. In [13| page 131], Muhly and Williams 
discuss a correspondence between extensions E and Borel 2-cocycles defined using a 
Borel cross section of j. They show that the 2-cocycle uj associated to an extension 
E is continuous if and only if there exists a continuous section of j, and then E 
is topologically isomorphic to G". (If the cocycle ut is not continuous, then G"^ 

^The coboundary implementing the equivalence is the image under the boundary map of the 
function 6(7) = u}{rG{'y), 7)- 
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is a Borel groupoid and the topological groupoid E is Borcl isomorphic to G".) 
When E = G"^ for a continuous ut, the inclusion i in ()2.ip is i{t,u) — {t,u) and j 
is the projection onto G. Furthermore, since w is normalized, the action of T on 
induced by z is s • (t, 7) — (si, 7). Our main reason for restricting our attention 
to extensions associated to continuous cocycles is that we use the continuity in an 
apparently essential way in Lemma 13.61 

Example 2.1. It is quite easy to construct groupoids G with non-trivial continu- 
ous 2-cocycles uj, and hence there are many non-trivial extensions G" as described 
above. For example, take X — and recall that the Cech cohomology group 
{X, Z) is non-trivial. Since {X, Z) is isomorphic to the second sheaf cohomol- 
ogy group H^{X, S) (see, for example, ^19* Theorem 4.42]), there exists a non-trivial 
cocycle A := {Xijk ■ Uijk — > T} where the Uijk are the triple overlaps of an open 
cover {Ui} of X. Define 

= X for X ^ Ui. 

i 

Then -R(^') := {{{x,i), {x,j)) : x £ Ui D Uj} becomes a groupoid with range and 
source maps given by rfl(*)((a;,z), (a;, j)) = {x,i) and sji,^^){{x,i),{x,j)) = {x,j), 
multiplication defined by {{x,i), {x, j)){{x, j), {x, k)) = ((x, (x, /c)) and inverse 
{{x,i), {x,j))-^ - ((x, j), Now define ujx : R{^Y^^ ^ T by 

ujx{((x,i), {x,j)), {{x,j), {x,k))) = Xijk{x) 

for X S Uijk- It is straightforward to check that ux is a non-trivial continuous 
2-cocyle (the Xijk : Uijk — >■ T are continuous by definition, and ujx is a coboundary 
if and only if A is). 

Recall that a groupoid G is principal if the map $ : 7 1— > {rcij), SGil)) is 
injective and is proper if $ is proper. We say G is transitive if given u,v Cz 
there exists 7 G G such that 7'g(7) = u and sail) — v. 

Remark 2.2. Although Example 12.11 shows that there are many examples of non- 
trivial continuous 2-cocycles, principal transitive groupoids have only trivial ones. 
To see this, let G be a principal and transitive groupoid, and let w be a normalized 
2-cocycle on G. Pick u S G^°\ and let 6 : 7 M- u}{j,aj) where is the unique 
element such that rG(a-y) = sg(7) and scict-y) = u. Then uj{-j,ri) = 6(7)6(?/)6(7?7) 
and thus w is a coboundary. 

2.2. The G*-algebras. Let be a second-countable, locally compact groupoid 
with left Haar system /?, and a : E^^'' T a continuous, normalized 2-cocycle. For 
f,g & Cc{E), the formulas 

/*3(7)= / f{r])9iv-'lMv,vS) d/i^-^-'Hv) and /* (7) = /(7"^) ^^(7, 7"^) 
Je 

define a convolution and involution on Cc{E). These operations make Cc{E) into 
a *-algebra, denoted by Cc{E,a). We denote by Kep{Gc{E,a)) the set of Hilbcrt- 
space representations p : Cc{E,a) — !■ B{'H) that are continuous for the inductive 
limit topology on Gc{E) and the weak operator topology on B{7i). Then 

(2.2) 11/11 = sup{||p(/)|| : p e Rep(G,(ii;,a))} 

is finite and defines a pre-G*-norm on Gc{E,a); the twisted groupoid C* -algebra 
C*{E,a) is defined as the completion of Cc{E,a) in this norm. (All of this is 
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non-trivial. If p G Kep{Cc{E,a)) then p is the integrated form of a unitary repre- 
sentation of G by [ITl Theoreme 4.1(i)], and then p is bounded in Renauh's /-norm 
[161 Proposition II. 1.7]. Representations bounded by the /-norm are continuous 
in the inductive hmit topology. It now follows that (|2.2p defines a norm by [16l 
Proposition II. 1.11] and that the definition of C*{E,a) above coincides with the 
one in 16, Definition II. 1.12].) If the cocycle is identically 1 then we write C*{E) 
for C*{E, 1) and caU it the groupoid C* -algebra of E. 

Let T be normalized left Haar measure on T; we will denote dT{t) by dt. Let uj be 
a continuous 2-cocycle on G and let be the associated groupoid extension. Since 
G"^ = T G has the product topology, the product measures 
define a Haar system on the extension G". For fixed n G Z, let 

G,(G",n) = {/ e C,{G'^) : f{s-{t,^)) = s-"/(t,7)}. 

As above, we denote by Rep(Gc(G", n)) the set of Hilbert-space representations 
p : Gc{G'^,n) B{T-L) that are continuous for the inductive limit topology on 
Cc{G'^,n) and the weak operator topology on B{'H). Then Cc{G'^,n) is a *- 
subalgebra of CdG'^), and, as in [ITl §5] and [13l page 130], the G*-algebra 
G*(G'^,n) is the completion of Cc{G'^,n) in the norm = sup{||p(/)|| : p £ 
Rep Gc(G'^, n)}. (Again, this is non-trivial: Corollaire 4.8 of [17] implies that this 
indeed defines a norm bounded by the /-norm.) The G*-algebra G*(G",n) was 
studied in |17S §1], and, when n = — 1, in 13 . 

Remark 2.3. Let f,g e Cc{G'^,n). Since the Haar system {r x A"} on G"^ is 
pulled back from the one on G and r is normalized, the convolution f * g can be 
written as an integral over G: a direct calculation shows that for any s G T, 

/*5(i,7):= / / /(r,,7)5((r,r7)-i(i,7))drdA^«(^)(,7) 
Jg Jt 

^ f f r~^\V{l,^)g{tu{7j,r^-Y'^{v~\l),V~'l)drdX^^^''\r,) 
Jg Jt 

Jg 

3. Decomposing the G*-algebra of a groupoid extension 

Throughout UJ : G^^) -> T is a continuous normalized 2-cocycle, and G" is the 
groupoid extension associated to (G, uj). Note that is also a continuous 2-cocycle. 
The goal of this section is to prove that G*(G'^) is isomorphic to a direct sum of 
twisted groupoid G*-algebras G*(G, w"). We start by proving that G*(G'^,n) is a 
quotient of G*(G") and is isomorphic to G*(G, w"). 

Lemma 3.1. Let G" be the groupoid extension associated to {G,uj). Fix n e Z. 

(a) [HI Lemma 3.3] Define Xn ■ C^G'^) Cc{G'^,n) by 

Xn{m,l) := / /(.s-(i,7))s"ds= / /(st,7)s"ds. 
Jt Jy 

Then Xn is a *-homomorphism continuous with respect to the inductive limit 

topologies, and extends to a *-homomorphism Xn '■ C*{G") C*{G'^,n) 

such that Xn{f) = f for f £ Cc{G'^ ,n). In particular, Xn is a quotient map. 

(b) Let 4>n : CciG'^.n) ^ Ge(G,a;") be the map Mf)il) = fihl) for 7 e G. 
Then 0„ extends to a 'if -isomorphism ofG*{G'^,n) onto C*{G,uj"'). 



THE C*-ALGEBRAS OF GROUPOID EXTENSIONS 



5 



Proof. Part (ja|) is [171 Lemma 3.3] (see also \l6i Proposition II. 1.22] for a detailed 
proof of the case n = 1). 

lb]) It suffices to show that 0„ : Cc{G'^,n) Cc(G,cli") is a continuous bijective 
*-homomorphism with a continuous inverse. For then 0„ and extend to *- 
homomorphisms : C*(G"^,n) C*{G,uj'^) and cj)'^ : C*{G,lo") -> C*(G",n), 
and by continuity </)„o(/)~^ = id and (j>~^o(j)n = id, giving that 0„ is an isomorphism. 

To see that 0„ is a homomorphism, we first need a calculation with cocycles. 
Let 77,7 G G with r(3(7) — rdr]). Since uj is normalized, we have 

1 = Lj(rG(??"S), = w(sg(?7), 77"^7) = w(?7~^77, 77~^7) and 

Thus 

uj{rj~^ , r/) = a;(?7~'", r])uj{ri~^ri, rj^^j) = oj{ti, rj~'^j)uj{rj~^, 7), 
and it follows that 

(3.1) w(?7, ry-i)w(77~\ 7) = ^(77, r^'^j). 

So, for /,gGG,(G-,n), 

0n(/*g)(7) = /*5(l,7)= / /(l,r;)g((l,ry)-i(l,7))dA'-«(^)(,7) 

= / /(1, 77)ff(c.(^, v~'Mv-\i),v-'i) d^'^^-'^v) 

JG 

= / /(l,r,)g(c^(ry,77-i7),77-i7)dA'^'^(^)(r;) (using (glj) 
= / /(1, 77)9(1, ^~'7)c^(^,'7"SrrfA'-'^^^H'7) 

JG 

= </<«(/) * <Pn{g) 

and 

04/*)(7) = /((1,7)-^) = /(c.(7,7-^)-\7-^) 

= /(l,7-i)c.(7,7-^)" = 0«(/)*(7). 

So 0„ is a *-homomorphism. To see 0„ is injective on Gc(G", n), suppose /(1, 7) = 
5(1, 7) for all 7 G G. Then for aU t G T, 

/(t, 7) = t-'7(l, 7) = i""3(L 7) = 5(i, 7) 

and thus / g. To see 0„ is onto Gc(G, oj"), let / G Cc{G) and note that (^,7) 
t-"/(7) is in Gc(G'^,n), and 0„ sends it back to /. So : Gc(G'^,n) -> Gc(G,a;") 
is a bijection. 

If Fi ^ F in the inductive limit topology on Gc(G"), then F,{1,-) F(l, •) 
uniformly on a fixed compact set as well. Thus 4>n is continuous for the inductive 
limit topology on Gc{G'^,n) and extends to a *-homomorphism of the G*-algebras. 
Similarly, ii fi f & Cc{G) in the inductive limit topology, then |t^"/i(7) — 
t""/(7)l < \f^{l) - f{l)\ is eventually small, so that (t>-^{fi) K^if) in the 
inductive limit topology as well. As outlined at the beginning of the proof, this 
implies that (j)n extends to an isomorphism of G*(G",n) onto G*(G,w"). □ 
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Define T„ </)„ o x„ : C*(G'") -> C*(G, w"); then 

(F)(7) = / F(i,7)i" dt for e ^(G"). 

Theorem 3.2. Let G be a second- countable, locally compact HausdorjJ groupoid 
with a Haar system A. Let w : G*-^-' — >■ T 6e a continuous 2-cocycle and let 
be the groupoid extension associated to {G,uj). Then the map T : Gc(G") — > 
(Bn£zGc{G,uj") defined by F t-^ (T„(i^)) extends to an isomorphism of C*{G^) 
onto ©„6zG*(G,L^"). 

To prove Theorem l3.2l we first prove that the subalgebra :=Gc(G",n)" ""^ ^'^ ' 
is an ideal of G*(G") which is isomorphic to C*(G",ri), and second, that G*(G") 
is the (internal) direct sum of the /„ . 

Lemma 3.3. Let G" be the groupoid extension associated to {G,uj). 

(a) For f G C,{G'^,n), ||/||c.(G'-) = ll/llc.(G'-,n) • 

(b) The map Xn ■ Gc{G'^,n) C Gc{G'^) — > Gc(G",ri) extends to an isometry Xn 
of the subalgebra /„ ofC*{G'^) onto G*(G",n). 

(c) The quotient map Xn ■ G*{G'^) — > G*{G'^,n) is identically zero on if 
n ^ m. 

Proof (ilj) Fix / G Cc{G'^,n). If vr G Rep(Gc(G", n)) then by Lemma Olll) , 
TT o x„ G Rep(Gc(G")). Since / ^ Xn{f) we have 

ll/llc.(G^,n) = sup{||^(/)|| : t: G Rep(G.(G", n))} 

= sup{||^ o xnif)\\ ■■ ^ e Rep(Ge(G", n))} 

< ll/llc'(G-)- 

Conversely, if p G Rep(Gc(G")) then p\c^{G'^,n) is also continuous in the inductive 
limit topology on Gc{G'^,n). Fix e > 0. Pick a representation p of Cc{G'^) such 
that ||/||c.(G'-) < l|p(/)ll+e. Then 

WfWc'iG^) < \\p{m+e=\\p\c.iG^-^Mf)\\+^<\\f\\c'iG-,n)+e. 

Thus ||/||c*(G-) < ll/llc*(G-,n), and ||/||c*(G-) = ll/llc*(G-,«) as desired. 

(|b| Fix g G /„. Let {fi} C GdG'^^n) be a sequence converging to g. By (jlj), 

ll/z||c*(G-) = IIXn(/^)llc*(G-,«), and heucc ||5j|c-(G-) = llx«(ff)||c*(G-,n)- So Xn 
is isometric on the subalgebra /„ of G*(G'^). Furthermore, Xn\i„ is onto since 
GciG'^.n) is dense in G*{G'^,n). So Xn|/„ is an isomorphism. 

(jcj) This is a direct calculation. □ 

Lemma 3.4. Let G^ be the groupoid extension associated to {G,uj). For each 
n^li, In is an ideal in G*{G'^). Furthermore, Inim ~ {0} if n ^ ni. 

Proof Let / G Gc(G") and g G Gc(G",n). Then 

f * g{s ■ {t.l)) ^ I I f{r,iM{r,Tl)-\st,^))drd\-^^^\r^) 

JG Jt 

= /(r,?7)g(sr"4a;(?7,77-i)a;(?7"\7),77~i7)drdA''<=('^)(?7) 
Jg Jt 

^11 f{r,iMs-{{r,T^)-\t,^)))drdy^('^\i^) 

JG JT 



THE C*-ALGEBRAS OF GROUPOID EXTENSIONS 



= S 



fir,r,)g{{r,ri)-\t,j))drdX'^'^^''\v) 



IG JT 

Thus f * g G CciC^ , n) C In- Since CdG'^ , n) is closed under invohition g * f E In 
as weU. Since is closed the above calculations show that /„ is an ideal in C*(G"). 
To see that = {0} unless n = m, let / e Cc{G'^,m),g G CdG^ ,n). Then 

f*9{t,l)= / .f{r,v)9{r~^tu!{T],T]-^)u]{r]~^,'y),r]~^'y)drdX"'^'*\r]) 



G JT 



= 11 r--f{l,ri)r^g{toj{n,ri-^)oj{r\lU-^l)drdX^'^^'^\r,) 

JG Jt 

= I /(I, r,)g(iw(r,, 7?-i)^^(r?-\ 7), 77-^) dX^^^''\,^) [ r"-"' dr. 



^{j^f{l,v)g{tLo{n,v-'Mv-\-f),V-'7)dX'^''^'^\v) ifm = n ^ 
1 otherwise. 

Notation 3.5. For / e Cc{G), ip G C(T), denote by ® / the function (^,7) 
tp{t)f{'-f). In particular, for fixed m, we write s'^®f for the function [t, 7) ^ t™'f{l) 
in 

Lemma 3.6. Let G" be the groupoid extension associated to {G,uj). The span{s™0 
f : m £ Z, f £ Cc{G)} is dense in Cc{G") in the inductive limit topology. 

Proof. Fix F e Cc{G^) and e > 0. Let Ui and C/2 be open, relatively compact 
neighborhoods in T and G, respectively, such that suppi^ cUi xU2. Because w is 
continuous, G" =T x^^G has the product topology, and the map t F{t, ■) is in 
Gc(T, Gc{G)). So the support of 1 1->^ F{t, ■) is contained in Ui. For each t gUi let 

Wt:={sGT: \\F{s, ■) - F{t, -^^ < e/2} n U^. 

Then Wt is an open cover of the compact set supp(f n> F{t, •)), so there exists a 
finite subcover Wt^ , . . . H^tw • Let {V'iji^i be a partition of unity subordinate to this 
cover. Since ^ ipi {t) < 1 for all t gT, 

N N N 

II J2 ut)nti, ■) - F{t, oiioo = II J2 Mt)nti, o -^mw, oiu 



i=i j=i 

N 

<j2MmF{ti,-)-F{t,-)\\^ < 



For 7 G Ui=i supp(_F(ti, •)) C U2, let Uj be the open set 

[/^ := {77 e G : |F(t„ 7) - F{t^, r])\ < e/2 for 1 < i < TV} n C/2. 

Since UiXi supp(i^(ti, •)) is compact there exists a finite subcover U-y^, . . . ,U^^. 
Let be a partition of unity subordinate to this subcover. For 7 e G and 

each i e {1, . . . , N} we have 

M M M 
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Now set :— X^fj^^i F{'^iTlj)''Pi®fji ^-nd note that suppi^^ is contained in Ui x U2 
by construction. We have 

\\F,-FU = Bnp{\Y,F{UnM^{t)f3{l) - F{tn)\} 

< sup { I ^ i^mfj{l)F{t,,lj) - E ^^ii)F{U. 7) + E 7) - 7) I } 

< sup{Ev^W|E/j(7)^(^''7j)-^(^"7)| + ^} < f + 1 

We have now shown that span{'0CSi f : ip ^ C'(T), / S Cc(G')} is dense in Cc{G'^) in 
the inductive hmit topology. Thus it follows from the Stone- Weierstrass theorem 
that span{s™ / : to e Z, / G Cc{G)} is dense in CdC^). □ 

Lemmas 13.41 and 13.61 give: 

Proposition 3.7. Let he the groupoid extension associated to {G,uj). Then 

Proof of Theorem\3M Both x„ : /„ ^ C*(G",n) and 0„ : G*(G",n) ^ G*(G,a;") 
are isomorphisms by Lemmas 13.31 and I3.1t|b1) . so Tn\i„ = <f>n ° Xn\i„ is an isomor- 
phism of /„ onto G*(G, w"). But by Lemma [33t [cj) . Xn{Im) — {0} ii n ^ to, so 
Theorem 13.21 follows from Proposition 13.71 □ 

We now show that Theorem l3.2l leads to a general framework for deducing results 
about twisted groupoid G*-algebras from untwisted ones. The basic idea is that 
many properties of principal groupoids are shared with their extensions by T. We 
start with a general lemma. The stabilizer suhgroupoid of a groupoid G is {7 £ G : 
r(7) = 5(7)} and := {7 G G : r(7) = u = 5(7)} is the stability subgroup at u. 

Lemma 3.8. Let G be a groupoid and G'^ be the extension associated to {G,uj). 
Let A and A^ be the respective stabilizer subgroupoids of G and G" . Then the map 
(t,7) I— [7] induces a homeomorphism and isomorphism of G'^ / A^ onto G/A. 

Proof. The stability subgroups of G'^ are Tx^A^ where A^ is the stability subgroup 
of G at u. Thus A" = U„gG(o)T A„ = T x^ A. 

We will show that the map / : {t, 7) 1-^ [7] induces a homeomorphism and 
isomorphism of G"/A'^ onto G/A. Certainly / is a groupoid morphism, and is 
continuous and surjective. If f(t,j) = f{s,S) then there exists a £ ^3(7) such that 
7 — Sa. Then {t,j) — {s,5){s~^tuj{S,a),a), and {s^^tuj{6,a),a) 6 A". Hence 
[(i,7)] — [{s,S)]. So / induces a continuous bijection / : G"/A" G/A. Similarly, 
the function g : G ^ G"/A^ defined by 3(7) = [(1,7)] induces a continuous 
bijection g : G/A ^ G'^ /A^ , and it is easy to check that g is the inverse of /. Thus 
/ is a homeomorphism. □ 

Proposition 3.9. Let G be a principal groupoid and let G" be the extension asso- 
ciated to a continuous 2-cocycle uj : G^^^ — >■ T. Then 

(a) G*{G) has continuous trace if and only ifG*(G'^) has continuous trace; and 

(b) if C*{G) has continuous trace then so does G*(G,w). 
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Proof, (jaj) First suppose that C*{G) has contmuous trace. Smce G is principal, 
[l2l Theorem 2.3] impUes that G is a proper groupoid. Now consider G": since 
G is principal the stability subgroups of G" are T X {u} where u e G^^^ , and the 
stabilizer subgroupoid is A'^ = T x G*^°^. In particular, the stability subgroups of 
G" are all abelian and u !—> T x {u} is continuous in the Fell topology on the set 
of closed subgroups of G. By Lemma [3781 the quotient groupoid G"/A'^ and G are 
homeomorphic, and hence G"/A" is proper. Now G*(G") has continuous trace by 
[lOl Theorem 1.1]. 

Conversely, suppose G*(G") has continuous trace. By Theorem 13. 2[ G*(G) = 
C*{G,Ld'^) is a direct summand of G*(G"). Hence G*(G) has continuous trace by 
[m Proposition 6.2.10]. 

jbl Suppose that G*(G) has continuous trace. Then G*(G'^) has continuous 
trace by (jaj). By Theorem 13. 2( G*(G, uj) is a direct summand of G*(G"), and hence 
C*{G,Ld) has continuous trace as well. □ 

Many properties are shared by G and G"^: having a Haar system, being Cartan, 
proper or integrable, and any topological property of the orbit spaces. This gives 
the proposition below. Example 13 . 1 II below shows that we cannot expect to extend 
Propositions 13 . 9l and [?TU1 to non-principal groupoids G. 

Proposition 3.10. Let G be a principal groupoid and let G" be the extension 
associated to a continuous 2-cocycle uj : G^^-* — > T. 

(a) C*{G) is a Fell algebra if and only if C*{G'^) is a Fell algebra. IfG*{G) is 
a Fell algebra then so is G*(G,w). 

(b) C*{G) has bounded trace if and only if C*{G^) has bounded trace. IfG*{G) 
has bounded trace then so does C*{G,uj). 

(c) C*{G) is liminal if and only ifG*{G'^) is liminal. IfG*{G) is liminal then 
so is C*{G,uj); 

(d) C*(G) is postliminal if and only if G*{G^) is postliminal. If C*{G) is 
postliminal then so is C*{G,u]). 

Proof. Since G is principal the stability subgroups of G" are Tx{u} where u e G(°); 
in particular they are abelian and vary continuously. 

(jaj) and (jb| We can proceed as in the proof of Proposition 13.91 replacing [lOl 
Theorem 1.1] with 4, Theorem 6.5] and [4j Theorem 6.4], respectively. 

(jcj) First suppose that G* (G) is liminal. Since the stability subgroups of G are 
trivial, the orbit space Gt^VC is Ti by [31 Theorem 6.1]. But the orbit space of 
G"^ is homeomorphic to the orbit space of G via [(1,1*)] i— )■ [u], hence is Ti as well. 
Since the stability subgroups of G" are amenable and liminal, G*(G") is liminal 
by [3 Theorem 6.1]. 

Second, suppose that G*(G") is liminal. By Theorem [3Jl G*(G) = G*(G,a;0) 
is a direct summand of G*(G"). Hence G*(G) is liminal by [15i Proposition 6.2.9]. 
This gives the first statement of (jc}. 

Finally, suppose that G*(G) is liminal. Then G*(G") is liminal. By Theorem|321 
G*(G,a;) is a direct summand of G*(G"), and hence G*(G, w) must be liminal as 
well. This gives the second statement of (jcj). 

Theorem 7.1 of [3j says that the groupoid G*-algebra of a groupoid with 
amenable stability subgroups is postliminal if and only if the orbit space is Tq and 
the stability subgroups are postliminal. So (jd| follows as above using [S^ Theo- 
rem 7.1] in place of [3l Theorem 6.1]. □ 
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Example 3.11. When the groupoid G is not prmcipal, the stabihty subgroups of 
G"^ can easily fail to be abelian, liminal or postliminal even if the stability subgroups 
of G are abelian, liminal or postliminal, respectively. Thus the theorems used to 
prove Propositions 13 .91 and 13 . 10[ such as [ini Theorem 1.1] and [3j Theorem 6.1], do 
not apply. The following is an example of a group G and a 2-cocycle uj such that 
G*{G) has continuous trace but G*{G,uj) and C*(G") are not even postliminal. 
Thus we cannot expect an analog of Proposition 13.91 when the groupoid G is not 
principal. 

Let 9 G (0, 1) be irrational and define lj : 1? x7? T hy uj{{mi,m2), n2)) = 
g-27rzmin2e_ 'pjjg twistcd gToup C*-algebra C*(Z^,a;) is isomorphic to the irrational 
rotation algebra Ae = C(T) xi Z (see, for example, (Sj pp. 21-22]). Since 9 is 
irrational the orbit space T/Z is not Tq, and hence Ag is not postliminal by [8j 
Theorem 3.3]. Thus C*(Z^cj) is not postliminal. By Theorem [321 C*(Z2,w) is 
a summand of C*((Z2)"), so G*{{Z'^)'^) is not postliminal either. Thus G*{Z'^,u) 
and C*((Z^)'^) are not posthminal even though C*(Z^) = C(T^) has continuous 
trace. 



4. A REDUCED VERSION OF THE DECOMPOSITION THEOREM 



The goal of this section is to prove a version of Theorem 13.21 for reduced crossed 
products. Let be a second-countable locally compact Hausdorff groupoid with 
a Haar system /3, and a : £''^^' ^ T be a continuous 2-cocycle. Let u e E'^^K 
The left-regular representation H" is the representation of Gc{E,a) on L'^{E,j3u) 
characterized by 



(4.1) (n"(/)e,C) = / / f{iv)£.{r^)aiXThv 

J E J E 



\d(i^{-t)df3,XTl) 



for / e Cc{E,<j) and £ L'^(E,l3u)- Since IT" is continuous in the induc- 
tive limit topology, it extends to a representation of C*{E,cr). The reduced G*- 
algebra C*.{E,a) of {E,a) is the completion of Gc(E,(t) with respect to the norm 
ll/llr = sup„gs(o,{||n"(/)||}. Alternatively, C;(S,a) = G*iE,a)/I where / = 
HueBt") ker(n"); we write q~qj^ for the quotient map. 

Theorem 4.1. Let G be a second-countable, locally compact Hausdorff groupoid 
with a Haar system A. Let w : G^^-* — ^ T 6e a continuous 2-cocycle and G" 
the extension associated to {G,uj). Let T : G*(G") — > ©„gzG*(G,a;") and T„ : 
G*(G") — > G*(G, w") be as in Theorem \ 3.2l Then there exists a homomorphism 
f2„ : C*{G^) — )■ G*(G,a;") such that the following diagram 



(4.2) 



G*(G"). 



G*(G,a;") 



g;(G"). 



WG;(G,a;") 

commutes. Furthermore, the map : G*{G'^) — > ©„gzG*(G, w"), defined by a ^ 
(r2„(a)), is an isomorphism. 

For n G Z and w G G*^"-', we write for the left- regular representation of 
G*{G,uj") on L'^{G,Xu) and i?" for the left-regular representation of G*(G") on 
L'^iG^ ,T X A„); both are characterized by (|4.ip . 
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Lemma 4.2. Let G"^ be the extension associated to (G,w). Let u G G'^^\ For 
n ^ li define 

Ul span{s-" C : C e C,(G)} C /.'(G"", r x A„). 

(a) If m ^ n then is orthogonal to T-L^ . 

(b) There is a unitary Vn : L^{G,Xu) T-L^ such that 

(4.3) VniO^s-^®^ for eeCc(G). 

(c) There is a unitary V : 0„gzi^(G, A„) — ^ L'^{G^ ,t x A^) characterized by 

V{{in)) = ©nezK(Cn) for £ Gc(G). 

frf; For n e Z /et L^J : G*(G,w") B{L^{G,Xu)) and i?" : G*(G^) ^> 
B{L^(G'^ ,T X A„)) &e f/ie respective left-regular representations, and set 

F(L"oT(a))y* =i?''(a) for all a £ G*(G"). 
Proof. We compute: 

(r-'"(g)^,r-"®C) - / / ^ (t, 7)r-« C(t, 7) dt dX^ij) 

= 11 f'-"^a^)W)dtdXuh) 

J G 

(4.4) ={^X),.5m,n. 

Now (|4.4I) implies, first, that 'HJJ^ is orthogonal to H^^, and second, that there is an 
isometry Vn satisfying (|4.3I) . By definition of HJJ, y„ is onto and hence is unitary. 
This gives (jaj) and (|b|. 

By Lemma [3^ span{r" (g) ^ : m e Z,^ e Gc(G)} is dense in Gc(G") in the 
inductive limit topology, and hence it is dense in L^(G'^,t x A„) as well. Now (jg) 
follows from ([ij) and (0. 

For ©, let TO,n e Z, e Gc(G) and F G Cc(G"). Then, using Fubini's 
Theorem several times, 

(i?"(F)(r-" (g)^),r-" ®C) 

= 111 I F{{t,l){s,v)){r-"'®0{i''^,vr')r-"®at,7)dsdX"{rj) dtdX^{j) 
Jg Jt Jg Jt 

= f f f f F{stLo{j,r,),j7^)s"^L,{^,v''rav-'rCh)dsdtdX"ir,)dX4j) 
Jg Jg Jt Jt 

and, replacing s with st'^u!{'j,r/), gives 

= [ [ [ [ ^(s,7'7)s™r'"^^"c.(r;,7y-i)'"^(,7-i)rcMrfsrfi^^A"(77)dA„(7) 
Jg Jt Jt 

which, because 0^(7, 77)^(777, 77^-'^) = uj{ri, r]^^)uj{'j, r/r/^^) = uj{rj,r/^^), becomes 
^ IgIg (/^(*'^'^)*'"^^) (^J^t''-'^dtyiThV-'rav'')ai)dX-iv)dXuh) 
= S„,^nJ J T,^{F)ijrj)arj-')WMlV,V~'rdy^{v)dX^ij) 

= 6^^„ (i;;.(T,„(F))e,c)^,^^,. 
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Since Cc(G") is dense in C*(G'^), it follows that for a £ C*{G^) 



= 5](L:t(T„(a))^„,C„) . 

n 

So for X = ^ s"^ (E> 5 y = X! ® Cn we have 

n 

and then (|d| follows because the set of such x, y is dense in L?{G'^ ,t x Au). □ 
Proof of Theorem\4-l\ By Lemma [4. 2 [(d)) . we have ker(i?") C ker(LJ^ o T„) for all 



n. Since this holds for all u G G^'^\ ker(qg^ ) C ker(qQ ^). Thus the map ^ o T„ 
induces a homomorphism r2„ such that the diagram (j4.2l) commutes. 

To see that SI = (r2„) is isometric, recall from Proposition 13.71 that C*(G") = 
and let a = (a„) G C*(G") where a„ G /„. Using first Lemma H^©, and 
second, T„ = T|/,^ and L" = ®nL^i, we get 

||i?"(a)|| = ||L"(T(a))|| =max||L;:(T„(a„))||. 

n 

Since this holds for aU u G G^^^ , 

Ike- (a)llc;(G-) = max||(7g „ (Tf"n(a«))llc;(G.a;") = max||f]„(g^„ (a«))llc;(G.<..") 

= ll^^fe- (a))||c;(G,c^")- 

Hence is isometric. That is surjective follows from the commutativity of the 
diagram since T = (T„) and the quotient maps are surjective. Thus f2 is an 
isomorphism. □ 

Corollary 4.3. Let G" be the extension associated to {G,uj). If G is amenable, 
then C*{G,Lj) = C;{G,uj). 

Proof. Let j : G'^ G he the quotient map. Then kerj = T x G'-'^^ is amenable. 
Since G is amenable, Proposition 5.1.2 of [T] implies that G'^ is amenable. By 
Theorems 13.21 and 14.11 we have 



5„ezG;(G,c^") ^ C:iGn = C^G^ ^ ©„ezG*(G,^"). 



By the commutativity of (|4.2p the summands corresponding to n = 1 match up, so 
the result follows. □ 

5. Actions of proper groupoids and fixed-point algebras 

Let G be a principal proper groupoid. Then G"^ = T X;^ G is also proper. There 
is an action It of G" on Go^G^")) defined by 

1*7 (/)(«) - fisoAl)) for / e Go(G(")) and 7 G G" with ra^i^) = v. 

Since G'^\G^°'^ = G\G^°\ (12l Proposition 2.2] implies that Go(G"\G(°)) is Morita 
equivalent to G*(G). Theorem 3.9 of [2] implies that Go(G'^\G(°)) is Morita equiv- 
alent to an ideal / of G*(G"). In the following proposition we reconcile these two 
results by using the decomposition of G*(G'^) into the direct sum ©„gzG*(G,a;") 
to identify the ideal / with the summand corresponding to n = 0. 
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Proposition 5.1. Let G be a principal and proper groupoid. Then the generalized 
fixed-point algebra Co(G^''-')" = Co(G"\G'-'^-') is Morita equivalent to the direct 
summandC*{G)^C*{G,uj°) ofC*{G'^). 

Proof. Theorem 3.9 of 2^ says that there is a C*-subalgebra / of the reduced 
groupoid crossed product Co(G(°^) Xit,rG" that is Morita equivalent to a generalized 
fixed-point algebra Go(G("))'* of (Go(G(o)), G", It). In our special case where the 
groupoid acts properly on its unit space, / is an ideal by Remark 4.14 of [2]. By 
Proposition 4.1 oi Qi, Go(G(°))'* = Go(G'^\G(°)). Combining [2 Corollary 2.1.7 and 
Proposition 3.3.5] gives that G" is measurewise amenable, and hence Go(G'^°') xiit.r 
^ Co(G(o)) by [H Proposition 6.1.10]. By [H Remark 4.22], Go(G(o)) Xit 

G" is isomorphic to C*{G^). So / is an ideal in G*(G") that is Morita equivalent 
to Go(G"\G(°)); it remains to identify the ideal /. 

The imprimitivity bimodule implementing the Morita equivalence is a completion 
of Gc(G(°)) with respect to the left inner product given by 

(5.1) , (/, g) {t, 7) = firo^ (t, jMsoAt,!)) = fircmW^) 

for /,5 G Gc(G(°)) and {t,j) G T G. The point is that the inner product 
is independent of t. Thus / is an ideal of G*(G'^,0) = G*(G). When we apply 
Theorem 3.9 of [5] to the action It of G on Go(G(°)) we obtain a Morita equivalence 
based on Gc(G(°)) between an ideal J of G;(G) and Go(G\G(°)), with left inner 
product given by 

(5.2) ..(/', 5') (7) = /'(rG(7))5'(5G(7)) 

for f',g' e Cc{G^°'>) and 7 e G. Note that G*(G) = C*{G) by amenability. 
Comparing and ([521) shows I = J. Finally, by Theorem 5.9], J = G*(G). 

□ 

The action It is called saturated if the ideal / of Go(G'^''^) Xit,r G^ is in fact 
Go(G'°^) Xit,r G". We note that in the situation of Proposition 15.11 the action is 
very far away from being saturated since it is just one summand in ©nezG*(G, uj"). 
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